There are three types of linear stability theories which are currently being used to predict the onset of breakup of liquid jets or sheets. Temporal theory which is most commonly used, because of its simplicity, assumes that the disturbance responsible for the breakup grows temporally at the same rate everywhere in space. A less commonly used spatial theory assumes the disturbance grows in space, because the breakup appears to take place in the region downstream of the location where the liquid is introduced. The most complete theory is that of spatio-temporal instability. This theory has not yet been applied widely because of its mathematical and numerical complexity. It is demonstrated here with an example that a flow may be predicted to be neutral according to pure spatial or pure temporal theory, while it is actually stable according to the spatio-temporal theory. The prediction of the latter theory is shown to agree with the numerical solution of the initial value problem.
INTRODUCTION
The onset of breakup of a plane liquid sheet has been investigated by Squire [1] , Fraser et al. [2] , Hagerty and Shea [3] . These authors assumed that the disturbance which causes the sheet breakup is periodic in space and grows temporally everywhere in space at the same rate. The linear Stability theory based on this assumption is called pure temporal theory. The application of the temporal theory to various problems of jet breakup has been recently reviewed by Yoon and Heister [4] . The temporal theory predicts that a plane liquid sheet of an inviscid fluid is unstable in We>1, where We= U 2 h/S is the Weber number, , U, h, and S being, respectively the density, velocity, and the half sheet thickness. The disturbance in the temporal theory does not grow in space, and thus its temporal growth rate cannot be compared directly with the experimentally observed spatial growth. However the spatial growth rate may be inferred in some cases by multiplying the temporal growth rate with the group velocity to yield approximately the growth rate of the disturbance as they are convected as a group in the downstream direction. This approach has been applied by Reitz and Braco [5] to estimate the jet breakup length. On the other hand when We<1, the temporal theory predicts that a breakup cannot be initiated by small disturbances in the liquid sheet. This is contrary to the experimental observation of Brown [6] and Taylor [7] . Both of them observed the breakup to take place in We<1. This paradox is resolved by de Luca and Costa [8] . They consider the disturbance to be growing both spatially and temporally. They were able to predict that when We<1, the disturbance actually grows in time as it is convected simultaneously in the downstream as well as upstream direction. Their results agree qualitatively with the experiments of Brown and Taylor. The distinction between the temporal and spatio-temporal theories has been further expounded by Lin [9] .
There is a third type of linear stability theory which considers the disturbance to oscillate in time and grow in space. This type of theory is termed pure spatial theory. The danger of a naïve use of this type of theory is already pointed out by Drazin and Reid [10] in connection with shallow water wave motion. The use of the spatial theory and the other two types of theories to the liquid sheet will be contrasted in this paper. The theoretical predictions mentioned in the previous paragraph are all based on the large time asymptotic behavior of the disturbance. The physical significance of the large time asymptotic results must be properly understood. A disturbance may grow initially before decaying to zero as time goes to infinity as predicted by the linear theory. If the initial growth is so rapid that nonlinear effects become important in a very short time, then the large time asymptotic linear predictions become insignificant. The initial transient growth of the varicose mode of disturbance will be related with its large time behavior in the plane liquid sheet. This particular example is chosen here because the varicose mode was not considered in the writer's previous work on the comparison between the temporal and spatiotemporal theories [9] . The pure spatial theory will be also applied to the same example to Point out its pitfall. The objective of this paper is to illustrate how the linear theories may be properly applied to the problem of atomization and sprays.
LINEAR STABILITY THEORIES
Taylor [7] derived the following partial differential equation for the onset of long wavelength varicose disturbances in a plane liquid sheet,
(1) Eq. (1) was derived from Euler's equation of fluid motion and the corresponding boundary conditions, neglecting the effect of gravity and the surrounding air. In Eq. (1), t is the time non-dimensionalized with h/U, h and U being respectively the uniform half thickness and velocity of the flowing liquid sheet; x is the distance in the flow direction normalized with h, and F is the displacement of the free surface by the disturbance from the unperturbed free surface in the y-direction which is perpendicular to x. The displacement is also normalized with h. In arriving at Eq. (1), the velocity and pressure are normalized respectively with U and U . Note that the Fourier integral (5) can be evaluated, since D -1 approaches zero at least as fast as k and approach infinity. Moreover the major contribution of the integral comes from those disturbances which satisfy
The solution of the dispersion equation (6) for a given parameter We, characterizes the natural frequency and wavelength of the disturbance in the liquid sheet.
TEMPORAL THEORY
In the temporal theory, a normal mode f=Aexp[i(kx-t)]is considered k is real but is complex. The real part r gives the wave frequency and the imaginary part i gives the exponential temporal growth rate, if positive. If i is negative the sheet is deemed stable. If it is zero the sheet can sustain an undamped neutral oscillation with corresponding frequency r . The solution of (6) gives
. with respect to an inertial frame. The prediction of the spatial theory happens to be essentially the same as that of the temporal theory. It will be shown that theses predictions differ from that of the spatiotemporal theory and that of the initial value problem.
SPATIAL-TEMPORAL THEORY
In the spatio-temporal theory, both Recall that no consideration was given to the initial condition in the pure temporal and spatial theories. The results given by Eqs. (7) -(10) are in fact the large time asymptotic behavior of the disturbance after the initial transience has died out. It is commonly assumed that the large time asymptotic dynamic response is physically most significant, because the phenomenon one observes in experiments is repeatable after the initial transience. If only the large time response is of interest, then one can obtain the large time asymptotic behavior from Eq. (5) without actually carrying out the integration. In this example the Fourier integral is relatively simple. In most of the problems the Fourier integral requires numerical evaluation.
To demonstrate the method of extracting the large time asymptotic response from Eq. Hence this point is a singularity higher than a simple pole. However this point is not a pinch point which signals absolute instability, since the downstream and upstream branches of the amplification curves do not cross over the real kr-axis [11, 12] .
Nevertheless the singularity is of a higher order at which, to the lowest order approximation, the Taylor The singularity corresponding to the branch with negative coefficient of We in Eqs. (11) and (12) The large time behavior given in Eq. (13) wil be confirmed by the initial value solution given in the next section.
INITIAL VALUE PROBLEM
The initial value solution of Eq. (1) is carried out by use of the second order difference scheme. Eq. (1) is approximated by Fig. 2 shows the time evolution of the initial disturbance given by the set of equations (15). It is seen that the initial disturbances spread in space and decay in time as they are convected as group downstream by the sheet flow. The maximum amplitude of the group initially decays faster, but the decay rate appears to slow down. The large time asymptotic decay rate was predicted by the spatio-temporal theory to be proportional 
DISCUSSION
The stability of a liquid sheet with respect to long varicose wave disturbances is analyzed on the basis of Taylor's equation with three different linear theories. Both the pure temporal and pure spatial theories predict neutral oscillation without decay of disturbances in a liquid sheet. The spatio-temporal theory predicts a large time asymptotic decay of the disturbance. The predicted algebraic decay rate is confirmed by the solution of the initial value problem, after a short transient period. During this short transience, there is a short period in which the disturbance actually grows. However this short burst of growth decays quickly. The disturbance decays algebraically after the initial transience. The initial transience has not invalidated the spatio-temporal theory in this example. The initial growth may render the prediction of linear theory physically insignificant only when the transient growth is so large that the nonlinear effect becomes significant before the large time asymptotic behavior is approached. This situation is an exception rather than a rule. This is the reason linear theory has been so suc-
